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The purpose of this note is to discuss several problems in hyperbolic complex 
analysis, primarily on the relationship between curvature and convexity condi- 
tions on certain Kahler manifolds. 
DEFINITION. Let p be a point in a Riemannian manifold (M, g), a nontrivial 
Jacobi vector field J(t) vanishing at P along a geodesic c(t) with c(0) = P 
satisfies Jacobi-growth condition iff d/dt(J(t), J(t)) > 0 for all t. 
DEFINITION. Let (M, g) be a complete Riemannian manifold a convex 
center P E M is a point such that any non-trivial Jacobi vector field vanishing 
at P along any geodesic passing through P must satisfy the Jacobi-growth 
condition. 
PROPOSITION I. Suppose M is a complete, simply connected Kiihler manifold 
with at least one convex center then M is a Stein manifold. 
It is a theorem of H. Wu (Notices AmH. Math. Sot. M (1967) Abstract 
No. 67T-327, 515) that every complete, simply connected Kahler manifold 
with non-positive sectional curvature must be Stein. The crucial point of Wu’s 
theorem is due to the fact that every point of such kind of manifolds is a convex 
center. Since there are many complete, simply connected Riemannian manifolds 
which possess a proper subset of convex center(s), our Proposition 1 thus 
covers a larger class of Stein manifolds. The proof of Proposition 1 is parallel 
to that of Wu’s which can be summarized as follows. We recall that a c2-functionf 
on (M, g) is convex iff D”f(X, X) = XXj - (DrX)f > 0 for all vector field X 
on M. If P is a convex center on M, then it is also a pole. Furthermore, by 
the standard variational method in Riemannian geometry (J. Milnor, Morse 
theory, Ann. of Math. Studies M) the property of being a convex center is 
actually a necessary and sufficient condition for the energy function to be 
convex on a simply connected Riemannian manifold. For a K3ihler manifold 
it is not hard to verify that a convex function is plurisubharmonic. Since the 
energy function is an exhaustion function,. the conclusion that M must be 
Stein has readily followed from Grauert’s criterion. It should be noted that 
there are a lot of holomorphically convex complex manifolds who do not possess 
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a convex center with respect to any Riemannian structure. A trivial example 
is any Stein manifold X which is not an Eilenberg-Maclane space (i.e., 
ni(X) # 0 for some i > 1). Indeed, restriction on Riemannian sectional 
curvature is too strong a condition for the energy function to be plurisub- 
harmonic, but holomorphic sectional curvature may be too weak as it would 
lose many directions. With a careful consideration of the variational formulas 
for energy function one can observe that bisectional curvature is possibly a 
reasonable candidate for our purpose. In fact, one can prove the following 
by means of Wu’s method described above. 
DEFINITION. Suppose (M, g) is a Kihler manifold, a complex pole on M 
is a point which satisfies the following condition: If  c(t) is any geodesic with 
c(O) = P, then C(t) is an infinitesimal holomorphic transformation along c(t) 
(that is, L;(,,j = 0, where L is the Lie derivative and j the (1, 1) tensor of the 
almost complex structure on M). 
PROPOSITION 2. If M is a complete, simply connected Kiihler manifold with 
nonpositive bisectional curvature. Suppose there exists at least one complex pole 
on M, then M is Stein. 
The above proposition possibly includes wider class of Stein manifolds 
besides those homogeneous Kahler manifolds with negative bisectional cur- 
vature which are just homogeneous bounded domains in C”. In fact, it gives a 
necessary condition for a point to be a convex center on a complete Kahler 
manifold with non-positive bisectional curvature. Of course, this sort of 
observation is not of essential interest. 
As what has been indicated above, every simpiy connected Stein manifold 
which admits a Kahler structure with at least one pole is diffeomorphic to IlV. 
Nevertheless, this class of Stein manifolds are quite restrictive. It is also well 
known that every Stein manifold admits a complete Kahler metric with negative 
bisectional curvature via embedding it into CN as a closed complex submanifold. 
Thus, it is of significance to ask the following question. The validity of this 
problem would provide a curvature characterization of Stein manifolds. 
PROBLEM 1. Let M be a complete, simply connected non-compact Kahler 
manifold with negative bisectional curvature. 
(a) Is M Stein? 
(b) Are H,(M) = 0 for all i > dim, M? 
(b) is of course a weaker question than (a). 
The counterpart of the above theory in compact case is a more interesting 
one. We recall that the tangent bundle T(M) of a compact complex manifold 
is negative i f f  T(M) is a strongly pseudoconvex complex manifold whose only 
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exceptional variety is the zero section. The tangent bundle of M is negative 
is equivalent to say that the cotangent bundle is ample. A rather simple com- 
putation would show that the tangent bundle of a compact Kahler manifold 
of negative bisectional curvature is negative. But the following is open. 
PROBLEM 2. Let M be a compact complex manifold of negative tangent 
bundle. Does it exist a Kahler metric on M such that whose bisectional curvature 
is negative ? 
To carry on our discussion, we first give an example to verify the fact that 
the existence of compact complex manifolds of negative tangent bundle is 
more ample in existence than those compact Kahler manifolds with negative 
Riemannian sectional curvature. 
(1) The construction of a compact Ktihler surface of negative holomorphic 
bisectional curvature admitting no Riemannian metric of non-positive sectional 
curvature. Let N be a compact quotient of the complex 3-ball. By the Kodaira 
embedding theorem, N is a complex submanifold of some complex projective 
number space P, . Let H be a hyperplane in P, such that M = N n H is 
non-singular. From the monotonicity property of the holomorphic bisectional 
curvature it follows that the Kahler metric induced by N on M has negative 
holomorphic bisectional curvature. By the Lefschetz hyperplane section theorem, 
T(M) = 4’9. Since 2 = H,(N, 2) = H,(rI(N), 2) = H,(?r,(M), 2) # 
H,(M, 2) = 0, it follows that M cannot be an Eilenberg-Maclane space and 
therefore cannot carry a Riemannian metric of non-positive sectional curvature. 
(2) The non-vanishing of H’(M, TM) for the mumfold M constructed above. 
Consider a family of hyperplanes Ht in P, close to H. Let Mt = N n Ht . 
Any two distinct Mt, M,, , cannot be biholomorphic, because any biholo- 
morphic map 4: Mt + Mt, is a harmonic map from Mt to N which, together 
with the harmonic map Mt C N, contradicts the uniqueness theorem of Hartman 
on harmonic maps for target manifolds with negative sectional curvature 
(On homotopic harmonic maps, Canad. J. Math. M (1967)). Hence M is not 
rigid and H’(M, TM) cannot be zero. The non-vanishing of H’(M, TM) is of 
interest because of the recent result of Y. T. Siu on the global rigidity in the 
case of compact Kahler manifold of strongly negative sectional curvature 
(The complex-analyticity of harmonic maps and the strong rigidity of compact 
Kahler manifolds). It shows that such a vanishing theorem fails for compact 
Kahler surfaces of negative holomorphic bisectional curvature. 
Similar examples of compact complex manifolds with semi-negative tangent 
bundle could be obtained by the hyperplane sections of abelian varieties. 
Let M be one of such kind of manifolds with dim, M = 2. Then the funda- 
mental group of M is equal to &, 2, thus the first Betti number is non-trivial. 
It is not clear to me that the irrequality of the previous example can also be 
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non-trivial, of course it depends on the existence of N such that the rank of 
H,(N, Z) is not zero. In the above two examples, their universal coverings 
are non-compact, no matter their first Betti number is non-zero or not. We 
therefore raise the following question and name it negative tangent bundle 
conjecture. 
PROBLEM 3. Let M be a compact complex manifold of negative tangent 
bundle. 
(a) Is rr(M) infinite ? 
(b) Are w*(M) = 0 for all i > dim, M? 
It is plausible that this problem should be easier if one assumes M admits 
a Kahler structure with negative bisectional curvature. Using the Lefschetz 
theorem of hyperplane section and curvature-decreasing property of complex 
submanifolds, one can easily verify that for Problem 3(a) it is sufficient for us 
to treat the case when dim, M = 2. However, the known classification of 
complex two-folds due to Enriques-Kodaira and others does not give us enough 
information to conclude the above question. Therefore, it is also an outstanding 
problem in the theory of algebraic surfaces. For a compact complex surfaces 
of negative tangent bundle, it is known that C12(M) - C,(M) > 0. If  we 
assume a stronger condition that T*(M) is very ample, then Griffiths has 
demonstrated that C12(M) - 2C,(M) > 0 (H ermitian differential geometry, 
Chern classes, and positive vector bundles, in “Global Analysis” (D. C. Spencer 
and Iyanaga, Eds.) pp. 185-25 1, Princeton Univ. Press, Princeton, N. J., 1969). 
Nevertheless, it does not seem to be known that whether the Hirzebruch 
index (=&(C12(M) - 2&(M))) of a compact complex surface of negative 
tangent bundle must be positive or not. There are indictions showing the 
following question is very much related to our negative tangent bundle con- 
jecture. 
PROBLEM 4. Let M be a compact complex two-fold of negative definite 
first Chern class such that whose Hirzebruch index is positive. Is n,(M) infinite ? 
The known examples related to the context of our discussion are listed as 
follows: 
(1) Compact quotients M of B,={(z,,z,)~~z,~2+~~~~2<l}- 
H’(M, TM) = 0; C12(M) = 3C,(M); which admit a Kahler metric of holo- 
morphic curvature equal to a negative constant and Riemannian sectional 
curvature pinched between -1 and -$ . 
(2) Compact quotients M of A, = {(.q , z2) 1 I z1 I < I, I z2 I < l} - 
W(M, TM) # 0; C12(M) = 2C,(M); which admit a Kihler metric of negative 
holomorphic curvature and non-positive Riemannian sectional curvature. 
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However, there exists no Kiihler metric of negative bisectional curvature 
on M (P. Yang, Duke Math. J. M (1976), 871-874). 
(3) Kodaira surfaces M (J. dnalyse Math. M (1967), 207-215)- 
Hl(M, TM) # 0 (Kas, Amer. J. Math. M (1968), 789-804); Hirzebruch index 
(=5(V - 2Ca)) > 0; whose universal covering is biholomorphic to a non- 
symmetric bounded domain in Cs. 
(4) Our examples demonstrated above. 
(5) A new algebraic surface M constructed by Mostow and Siu (A com- 
pact Kiihler surface of negative curvature not covered by the ball, unpublished 
manuscript)--Hl(M, Z’,,.,) = 0; H irzebruch index >O; which admits a mhler 
metric of negative Riemannian sectional curvature but whose universal covering 
is not biholomorphic to B, = {(zl, za) 1 1 z, Ia + 1 z, 1s < l}. 
Even for a bounded domain D in Ca, it is a non-trivial matter to determine 
whether there exists a subgroup I’C Aut(D) such that D/r is a compact 
complex manifold. The following theorem was first due to B. Wong (Inerent. 
Math. M (1977), 252-257). 
THEOREM 3. Let D be a strongly pseudoconvex bounded domain with smooth 
boundary in Cm. Then the following are equivalent: 
(1) D is biholomorphic to the unit bull in C”, 
(2) Aut(D) is non-compact, 
(3) D is homogeneous, 
(4) There exists a subgroup ZC Aut(D) acting properly discontinuously 
on D s.t. D/Z is compact. 
The method of Theorem 3 also gains the following stronger statement 
(I would like to express my indebtedness to Professor Yum-Tong Siu for an 
inspiring conversation at Helsinki about this fact). 
THEOREM 4. Let D be a bounded domain with smooth boundury in C*. If 
there exists a subgroup 2 C Aut(D) acting properly discontinuously on D such 
that D/Z is compact, then D is biholomorphic to the unit bull in C”. 
By a careful consideration of the orbit-types one could obtain the following 
results concerning compact quotients of bounded domains in C2 (On the 
uniformization of compact Kihler surfaces with negative curvature, to appear). 
THEOREM 5. Let M = iI?/rbe a compact Kiihler surface of negative sectional 
curvuture, where r is a discrete subgroup of Aute(ll?) (=i&ntity component of 
Aut(h?)) acting freely on iI?, where i@ = universul covering of M. Then n is 
bihoEonwrphic to B, in C2. 
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THEOREM 6. Let M = D/r be a compact complex surface where D = a 
bounded domain in C2 such that the boundary of D is a topological three dimensional 
manifold and rC Auto(D) a discrete subgroup acting freely on D. Then D is 
a bounded symmetric domain in C2. 
DEFINITION. F is of type (*) if it satisfies the following conditions: 
(1) I’ is not the fundamental group of compact two dimensional manifold 
covered by [w2, 
(2) r is not isomorphic to F @ Z, where F is a finite abelian group. 
THEOREM 7. Let M be a compact Kahler surface with negative bisectional 
curvature s.t. 
(1) M = i@/I’, where ii? = universal covering of M and rC Auto(M) 
an infinite discrete subgroup acting freely on i@, 
(2) r is of type (*). 
Then A? is biholomorphic to B, in C2. 
THEOREM 8. Let M = D/r be a compact complex surface with D = a bounded 
domain in C2 and rC Auto(D) is discrete subgroup acting freely on D. Suppose 
that r is of type (*), then D is a bounded symmetric domain in C2. 
We conclude this note by posing our last question. 
PROBLEM 5. (A) Let M be a compact Kahler manifold whose Riemannian 
sectional curvature is pinched between -1 and -4 . Is M holomorphically 
covered by the unit ball? 
(B) Let X be a simply connected Kahler manifold with Riemannian 
sectional curvature pinched between - 1 and - 1. Is the number of components 
of Aut(X) = {group of biholomorphisms} finite ? Is Auto(X) semi-simple ? 
This paper was written and submitted around 1974-1975 when the author 
held an instructorship at Brandeis University. The present version has been 
substantially revised. I would like to thank the Editor of Advances in Mathe- 
matics for allowing me to make this change. 
